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Abstract 

Two decades’ data analysis from a molten salt fully instrumented tank has led to significant advancements in 

methodologies and a deeper understanding of key phenomena related to molten salt energy storage. This 

includes new insights into the natural temperature decay of molten salt for the significant high melting point. 

The developed analytical solution for determining the thermal displacement of inertia phase provides evidence 

of a distinct core and the internal physical relationships of the tank. Controlling this phenomenon is essential 

for predicting and defining storage tank performance over time by optimally utilizing the thermal inertia of the 

molten salt core, and it serves as a start point for both on-design modelling—optimal tank geometries and their 

components to ensure durability under specified operating conditions—and off-design scenarios, where 

predetermined geometries and boundary conditions allow for computation of operational parameters for an 

improved storage tanks, its internal heat exchanger or insulation ageing prediction. The presented analytical 

solution demonstrates strong correlation with empirical observations and introduces improved control via the 

Navier-Stokes-Fourier equations and Law of the Wall. Additionally, the study proposes reliable simplifications 

through a lumped-circuit approach, drawing a novel analogy to a junction diode for wall and skin condition 

analyses. A coupled fluid dynamic solution employing the Lewis number further enhances the accuracy of 

computations based on the physical properties of the control volumes.  
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1. Introduction 

Natural temperature decay behaviours about skin effects have been observed in about 20 years of continuous 

operation data on a single and the same fully instrumented tank for the NaNO3-KNO3(60-40) mixture (Janz 

et al.,1968; Janz and Bansai, 1982). The identification of an ideal initial condition at the installed year of  

ENEA research Centre’s test station, i.e. between 9.7.2004 and 12.7.2004, independent of other collateral 

phenomena, has allowed to correctly model the temperature trends in the four conditions in which the 

thermocouples were installed: immersed in the molten salts; between the molten salts and ullage; in the ullage; 

and, on the shell of the tank. As matter of fact, three internal trend conditions can always be identified, namely 

molten salt, interface between molten salt and ullage, and only ullage, see Figure 3. While the last two can be 

closely related to how natural decay occurs according to transient conduction (Bergman and Lavine, 2017), 

the molten salt does not. De facto, an accurate assessment of the operational trend with particular attention to 

the effects of observed pressure and temperature variations on the physical properties of fluids has been 

conducted. Specifically, and in regard of this analysis, the base parameters have been identified for all the 

conditions in which the tank operates at atmospheric pressure or below 1.5*105 Pa and at temperatures between 

240°C and 550°C. These two boundary parameters are decisive in establishing the physical-operational state 

of the molten salt mass in a diathermic system during the natural decay, affecting factors such as 

compressibility. This directly reflects in the efficiency of storage systems: detailed knowledge of the energy 

level trend and its relative compressibility. Data analysis shows that, in no stationary states for the mass of 

molten salts, an increase in pressure leads to a rise in energy level; however, beyond a certain threshold, i.e. 

more than 1.5*105 Pa, the compressibility of the fluid increases considerably. 

Furthermore, thorough analysis of independent variables — velocity, position, time, and temperature — 

enables precise description of the system state in various operating scenarios, providing a solid foundation for 
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advanced control and monitoring strategies. It is particularly relevant, for example, to consider the rapidity of 

heat transfer from the piping tracings to the salt mass in the tank: this process, depending on the plant layout, 

occurs instantaneously via steel piping; and this obviously leads to erroneous data interpretations. 

Briefly, the analytical solution and verification with both experimental and historical real data contribute to 

improving the reliability of measurements and the management of thermal and mechanical transitions within 

the tanks. One practical example is the geometric definition of a molten salt core characterized by variable 

thermal inertia, as a function of the design or existing configuration, which enables optimization of the 

placement of inlets, outlets, or any heat exchangers inside the tanks. Since 2004 the existence of a core in the 

molten salt mass with higher thermal inertia compared to the decay conditions formulated in literature has 

always been observable. As matter of fact, the exanimated tank with a minimum mass of 2.4 m³ molten salt 

shows the stratified current flows towards the exterior tank-skin with a thermal inertia of about ten hours before 

naturally decay. Furthermore, it has been possible to assess the performance trend over time in relation to the 

state of thermal insulation, allowing for the development of a method to predict targeted maintenance 

interventions aimed at energy optimization; this aspect and related automation are further explored in a study 

currently being published. Therefore, this paper focuses mostly on the algorithm to estimate thermal 

displacement associated with the inertial boundary layer, beginning with the general conditions for 

thermodynamic balance and equilibrium. Indeed, a combined modelling of the reference masses, molten salts, 

and ullage, according to the Navier-Stokes approach, integrated with the indications from Fourier’s postulate 

(Chaudhuri and Feireisl, 2022) as well as the knowledge of the independent variables — velocity, position, 

time, and temperature — has therefore formed the basis for defining the wall boundary conditions. The solution 

through the law of the wall and the GRG method for calculating the limit values combined with the thermal 

displacement have provided the necessary inputs for determining the inertia of the molten salt core. As a result, 

this was associated with the skin effect as a diode-junction, within lumped-circuit representation, for 

subsequent simulation both in OpenFoam as visual one and in OpenModelica as the simplest and most effective 

tool for finding the necessary solutions to the fundamental equations for convective dynamics of the ullage 

versus molten salt volume, which will be detailed in a forthcoming publication. 

2. Methodology 

The analysis carried out, while considering a variety of scenarios and broader operating conditions, focuses on 

a well-defined set of parameters that outline its field of application and ensure its consistency. Specifically, the 

fundamental validity conditions are pressure, temperature, and physical state. The tank operates at atmospheric 

pressure or, in any case, at values not exceeding 1.5*105 Pa in accordance with selected data. This range 

represents the upper limit beyond which the compressibility of molten salts increases significantly, making the 

Newtonian modelling no longer suitable and introducing non-negligible effects on the dynamics of the non-

adiabatic system. In particular, for pressures above the validity range, the compression of the salt fluid amounts 

to 1.2÷1.8 mm kPa-1. The temperature range taken into account goes from 240°C to 550°C. This range 

encompasses the actual operating conditions typical of thermal storage systems based on NaNO3-KNO3 60/40 

allowing assessment of changes in energy level and the physical properties of the fluid in relation to thermal 

fluctuations. The physical and operational conditions resulting from the temperature and pressure described 

define the state of the controlled volumes, its boundary conditions, and the incompressibility of the heat storage 

fluid as well as the thermodynamic behaviour of the entire tank system. 

In summary, compliance with these parameters forms the methodological basis on which the reliability of the 

analyses derived from real data is established, ensuring that the conclusions and predictions obtained are truly 

representative of the real trends of the system under examination. Given that the density 𝜌, specific heat 𝑐𝑝, 

dynamic viscosity 𝜇 and thermal conductivity 𝑘 can be written as function of temperature 𝑇, and temperature 

and velocity 𝑢̃ are function of position and time (𝑥𝑖 , 𝜏), experimental literature data on molten salts make it so 

that the laws governing the variation of dependent and independent variables can be represented as n-tuples: 

∀(𝑥𝑖 , 𝜏) ∃{𝑢̃, 𝑇}: {𝑢𝑖 , 𝑇} → {𝜌, 𝜇, 𝑘, 𝑐𝑝}          (eq. 1)  

The NaNO3-KNO3 60/40 experimental data from the literature have been reported in the captions of the 

figures 1 and 2. This means that the functions of physical quantities have been subjected to constrain based on 

the distribution of the data points and in order to remain within a physical range of validity that indirectly 
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considers an unavoidable measurement error. 

 

Figure 1:  

Left side is the overlap conductivity [W m-1 °C-1] data measures by [°C] (Zavoico, 2001), (Milozzi et al. 2001), (K. Cornwell, 

1970), (Bradshaw and Carling, 1987), (Janz et al., 1979), (Anagnostopoulos et al., 2019), (Nunes et al., 2016), (Bonk and Bauer, 

2021), (Qing-Guo Zhao et al., 2017), (Afrah Awad et al., 2018), (Ze Sun et al. 2021), (Saivenkataraman et al., 2010), (Zhang 

and Fujii, 2000), (DiGiulio and Teja, 1992) 

Right side is the overlap specific heat [J kg-1 °C-1] data measures by [°C] (Zavoico, 2001), (Milozzi et al. 2001), (Bradshaw and 

Carling, 1987), (Janz et al., 1979), (Nunes et al., 2016) 

 

Figure 2  

Left side is the overlap density [kg m-3] data measures by [°C] (Zavoico, 2001), (Milozzi et al. 2001), (Bradshaw and Carling, 

1987), (Janz et al., 1979), (Anagnostopoulos et al., 2019), (Nunes et al., 2016) 

Right side is the overlap dynamic viscosity [mPa s] data measures by [°C] (Zavoico, 2001), (Milozzi et al. 2001), (Bradshaw and 

Carling, 1987), (Janz et al., 1979), (Anagnostopoulos et al., 2019), (Nunes et al., 2016), (Bonk and Bauer, 2021), (Ze Sun et al. 

2024), (Saivenkataraman et al., 2010) 

3. Model equations 

The primary purpose of defining the modelling equations is to find the inertial thermal phase displacement of 

thermocouples immersed in molten salts that do not immediately follow the decay according to a law of 

conduction transients. This implies, starting from the first law of thermodynamics, that the conservation of 
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energy at any instant takes into account the reversible and irreversible losses of the energy balance. That is, 

starting from the most general relationship, the balance between stored, inlet and outlet energy plus that which 

is generated should be equalized. This equilibrium must be consistent with the number of variables and 

equations needed to find the solution. First, one can characterize with respect to the heat flow interested in, 

obtaining the general relationship in accordance with transient heat transport, where neglecting the heat transfer 

by radiation, two balance equations are obtained if applied separately to the ullage and to the molten salts’ 

masses, and where their sum must equal the initial state: 

𝑞′′𝑠𝐴𝑠,𝑐𝑜𝑛𝑑 − 𝑞′′𝑐𝑜𝑛𝑣  𝐴𝑠(𝑐,𝑟)|
𝑢𝑙𝑙

= 𝜌𝑉𝑐𝑝
𝜕𝑇

𝜕𝜏
|

𝑢𝑙𝑙
   (eq. 2) 

𝑞′′𝑠𝐴𝑠,𝑐𝑜𝑛𝑑 + 𝐸̇𝑔 − 𝑞′′𝑐𝑜𝑛𝑣  𝐴𝑠(𝑐,𝑟)|
𝑚𝑠

= 𝜌𝑉𝑐𝑝
𝜕𝑇

𝜕𝜏
|

𝑚𝑠
   (eq. 3) 

where for the ullage Nu >>1 at the operating temperatures, i.e. thermal conduction is negligible. In particular, 

for the sake of simplicity, the repetition of convection coefficient ℎ, mass 𝑚, area or surface 𝐴 and volume 𝑉, 

as well as time constant 𝜏𝑇 have been compacted according to the following notations: 

𝜃  =𝑇− 𝑇∞→𝑑𝜃=𝑑𝑇 
𝜃𝑖 =𝑇𝑖− 𝑇∞→𝑑𝜃𝑖=0 

𝑏 =
ℎ𝐴

𝑚 𝑐𝑝
=

ℎ𝐴

𝜌𝑉𝑐𝑝
=𝜏𝑇

−1

𝑎 =
1

𝑚𝑐𝑝
                          

       (eq. 4) 

Therefore, considering the problem only with regard to the molten salt heat loss as if it were wrapped in that 

of the air, under the hypothesis that the thin layer of steel delineates this mass, it follows that one can neglect 

what is due to conduction and the only meaningful equation between ullage and molten salt becomes the 

following, given 𝐸̇𝑔 as initial generated energy and 𝐸̇𝑠𝑡  as stored energy in whole tank system: 

𝐸̇𝑔−ℎ𝐴𝜃=
1

𝑎

𝜕𝜃

𝜕𝜏
=𝐸̇𝑠𝑡

𝐸̇𝑔=𝑄̇0(𝜃,𝜏)               
      (eq. 5) 

However, to solve the equation in order to know the natural decay of temperatures and subjects to the 

constraints, the most general form of equation that governs the decay of temperatures, with or without initial 

inertial energy, will be of the form: 

𝜃 = 𝜃𝑖𝑒
−𝑏𝜏 +

𝑎

𝑏
𝑃̇(𝜃, 𝜏)      (eq. 6) 

Where P-equation is the part that strongly depends on the boundary conditions and which in any case will 

never equal the decay of the molten salts precisely because of the existence of the inertial phase displacement 

possessed by salt for any condition. Indeed, the error for the molten salts will be as large as the distance from 

the onset initial temperature is. The analysis leads to the differentiation of three types of readings: molten salt; 

molten salt-ullage interface; and ullage. In the latter two cases, the heat loss during decay coincides perfectly 

with that of the thermal conduction transient. The graph in Figure 3 sums up the energy injection phase and 

the decay phase depending on the thermocouple location, and the correspondence with the classical conduction 

transient law. The trend of the molten salt thermal lag (called also displacement) of inertial phase f as a 

function of the height variation was first approximated to a parabolic equation and the heat exchange according 

to a logarithmic function. In essence, the closer the level of salts taken into consideration to the ullage (the 

thermocouple that measures it) the more the inertial phenomenon is reduced. This core challenges the known 

temperature decay trend due to a time lag, behaving like an inertial heat exchanger. Its fluid-dynamic trend 

leads to considering the heat transport gradient as a function of the velocity, which tends to zero as a given 

condition approach. Therefore, the Navier-Stokes equations, formulated with the appropriate boundary 

conditions, allow to find the temperatures and velocities towards the skin conditions. Specifically, the problem 

is solved by calculating the heat balance between two fluid dynamic conditions: one for ullage and the other 

for molten salts. For the Navier-Stokes thermodynamic equilibrium equation, an important observation must 

be made regarding the term derived from the Fourier Postulate, namely the diffusion of heat in a generally 

solid, homogeneous, and isotropic medium. 

Although extensively verified, the postulate has two peculiarities: it is a so-called parabolic equation, which 

justifies internal conduction within salts; it also predicts infinite propagation for thermal perturbations, and it 
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loses validity in the case of very high gradients and very short times. In particular, considering a nearly constant 

volume, with approximately constant density, the physical principle of heat flow can be written independently 

of the causes or mechanism of heat transport itself. If it is possible to approximate the internal energy U to a 

solid state of the mass of salts with natural temperature decay then it can formulate the so-called Fourier 

Equation, if and only if one can write the variation of internal energy U as in a solid state and only dependent 

on the specific heat regardless of whether at constant volume or pressure. By setting the three equilibria (mass, 

dynamics and thermodynamics) of the Navier Stokes equations and starting from their convective notation, the 

general expressions to characterize according to section 4. Boundary conditions are: 

𝐷𝜌

𝐷𝜏
= −𝜌

𝜕𝑢𝑖

𝜕𝑥𝑖
        (eq.7) 

𝜌
𝐷𝑢

𝐷𝜏
= −𝛻𝑝 + 𝛻𝑑̂ + 𝜌𝑔̃      (eq. 8) 

𝜌
𝐷𝑒

𝐷𝜏
= −𝑝𝛻𝑢̃ + 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃     (eq. 9) 

 

Figure 3 The reference dates in 2004 show typical conditions for thermocouple decay in 3 days. The thermocouples in the ullage 

are purple, the ullage-molten salt interface is red, and those immersed in the molten salts are green. At the top, the one closest to 

the ullage-molten salt interface is light green (1,5-hour displacement), while the one closest to the core of the mass is dark green, 

with an inertia of approximately 10 hours. The 0-zone is the end of supplied energy to tank. The 1-zone is the thermal inertia 

phase of molten salt. The 2-zone is a stratified natural decay according to transient conduction. The 3-zone is the backup-phase. 

Furthermore, the thermodynamic equations of entropy, enthalpy and temperature using the material derivative 

were helpful in analytical verification once the boundary conditions were applied. 

𝜌𝑇
𝐷𝑠

𝐷𝜏
= 𝜌

𝐷𝑒

𝐷𝜏
−

𝑝

𝜌

𝐷𝜌

𝐷𝜏
= 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃    (eq. 10) 

𝜌
𝐷ℎ

𝐷𝜏
= 𝜌𝑇

𝐷𝑠

𝐷𝜏
+

𝐷𝑝

𝐷𝜏
=

𝐷𝑝

𝐷𝜏
+ 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃   (eq. 11) 

𝜌𝑐𝑝
𝐷𝑇

𝐷𝜏
= 𝛽𝑇

𝐷𝑝

𝐷𝜏
+ 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃     (eq. 12) 

The problem posed thus far may be undefined, as the Navier-Stokes equations do not intrinsically express 

when the inertial phenomenon ends. Therefore, to determine the conditions of time and space under which 

velocity approaches zero, it is necessary to assess the thermal inertial phase delay of molten salt. Furthermore, 

an as yet unresolved condition arises: the general hypothesis of the Fourier postulate, involving an infinite or 

independent gradient of heat transport, contradicts the wall conditions, i.e., the Law of Wall, where the velocity 

tends to zero in a significant thickness between the tank skin plate and the layer of salts bordering it. This 

argument, of course, does not apply to air, where convection is assumed to be the primary heat transport, hence 
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conduction in the ullage is negligible. Here, the observation comes in that by letting the dimensionless velocity 

tend to zero while maintaining the Fourier postulate, the problem is solved, and the limiting thickness for which 

the inertial phase lag of the heat flow occurs according to the currents of the mass of salts is found. Or in other 

words, the process that identifies when and how long the thermal phase displacement will occur is connected 

to the trend of the wall conditions tending to zero; that is, the velocity gradient serves to find the point in the 

boundary layer at which the inertial phase lag ends in time. It follows that it is necessary to find the two 

fundamental values of the law of the wall, see Figure 4.  

 

Figure 4 Shear velocity and dimensionless y+ in the collapse phase. The x-axe is the dimensionless y+. Left y-axe is the shear 

velocity ur. The right y-axe is the thermal limit y [m]. The green value is the searched the thermal boundary layer of inertia lag. 

Recalling the general expression of law of the wall: 

𝑢+ = {

1

𝜅
𝑙𝑛 𝑦+ + 𝛣

𝑦+, 𝑛𝑒𝑎𝑟 𝑡𝑜 𝑤𝑎𝑙𝑙
     (eq. 13) 

also: 

{

𝑢+ =
𝑢

𝑢𝑟
=

𝑢

√
𝜏𝑤
𝜌

𝑦+ =
𝑦

𝑦0
=

𝑦𝑢𝑟𝜌

𝜇

       (eq. 14) 

Where the shear velocity depends on the shear stress. According to Sau et al. (2013), shear stress is expressed 

as the shear rate where the velocity is related to the distance between ideal parallel sliding planes. Particularly, 

Sau et al. (2013) experimentally demonstrates that there is a linearity of the shear stress for molten salts and 

the possibility of considering molten salts as a Newtonian fluid within the temperature range of this study. 

Therefore, known the value of shear stress as a function of the salt temperatures, one can define the 

dimensionless value of the velocity. Regarding the Von Karman constant κ, a value of 0.40 is used, and for 

experimentally defined values between 0.35 and 0.42, no appreciable differences occur in the matter of this 

paper. Finally, the fluid dynamic coefficient Β is set to 0 since, as a good approximation, it is not significant 

transient or turbulent fluid conditions. Hence, the fundamental equation for dimensionless velocity becomes: 

𝑢+ =
1

𝜅
𝑙𝑛 𝑦+ =

1

𝜅
𝑙𝑛 (

𝑦𝑢𝑟𝜌

𝜇
)      (eq. 15) 

And the solution is found if and only if  𝑢+ → 0 which implies that 𝑦+ =
𝑦𝑢𝑟𝜌

𝜇
→ 1 and infinite shear velocity. 

Having set up the problem in this way, the objective is to find the value that minimizes  𝑢+ → 0 by modifying 

the value of y. In these circumstances, the Generalized Reduced Gradient Method (GRGM) is suitable to obtain  

𝑦 = 𝛿𝑡. Along data analysis, the thermal phase lag has been found strongly connected to the Law of the wall 

and therefore once the thermal boundary layer is calculated, it follows by definition that: 
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𝛿𝑡 = √
𝑘𝜏𝑃

𝑐𝑝𝜌𝜋
= √

𝛼𝜏𝑃

𝜋
=

√𝛼𝜑

𝜋
      (eq. 16) 

Where the inertial thermal displacement or lag is: 

𝜑 =
𝛿𝑡

2𝜋2

𝛼
        (eq. 17) 

which closes the algorithm by starting again with a further layer of molten salts as a function of the height. 

4. Boundary conditions 

The modelling equations presented in the previous section have been solved by assuming the following steps 

to characterize them. 

Firstly, the thermal equilibrium between ullage and molten salts described in (eq. 2) and (eq. 3) plus (eq. 5) or 

(eq. 6) does not require an additional interface equilibrium within the context of this paper for two main 

reasons. The first is that, once internal energy generation stops, the decay phase begins simultaneously for both 

media; no transients or faster temperature gradients toward external conditions are present. This is supported 

by a comparison between internal and skin thermocouple readings: the temperature gradients measured at the 

same layer, or tank height, are parallel for the inertial phenomenon described here, indicating that the steel of 

the tank responds directly to the internal conditions just with a lower temperature. This suggests that the heat 

capacity at the interface between the two media can be considered quasi-adiabatic. Particularly, the relationship 

between ullage and molten salts led to the consideration of the Lewis number, even in the absence of a 

substantial mass transfer, with the aim of finding the value of the convection coefficient to be used and recalling 

the hypothesis that the value of n for Le is used to be 1/3. From the mass-transfer fluid laws and Fick's law it 

can be calculated the convection mass transfer coefficient, given a molar flow between two elements A and B. 

As the binary diffusion constant at the molecular level is a known quantity, it follows at the mass level: 

ℎ𝑚 =
−𝐷𝐴𝐵

𝜕𝜌𝐴
𝜕𝑦

|
𝑦=0→𝛿𝑡

𝜌𝐴,𝑠−𝜌𝐴,∞
       (eq. 18) 

Hereafter, the convection mass transfer coefficient and the convection coefficient are proportional to the Lewis 

number Le, which measures the thermal diffusivity towards the mass diffusivity. Therefore, by imposing 

thermodynamic equilibrium, even in the absence or negligible mass transfer between the ullage and the molten 

salts, it follows the convection coefficient: 

ℎ = ℎ𝑚𝜌𝑐𝑝𝐿𝑒1−𝑛      (eq. 19) 

where: 

𝐿𝑒 =
𝛼

𝐷𝐴𝐵
 → 𝐿𝑒𝑛 = (

𝛼

𝐷𝐴𝐵
)

𝑛

=
𝛿𝑡

𝛿𝑐
     (eq. 20) 

That is, the Lewis number to the n-th power is equal to the ratio between the temperature boundary thickness 

and the mass concentration boundary thickness. Although it is easy to verify that Le>>1, which means that the 

fluid transfers more heat than mass, n must be calculated accordingly, using a target value of: 

𝑛 = 𝑙𝑜𝑔𝐿𝑒 (
𝛿𝑡

𝛿𝑐
) ≈

1

3
 → √

𝛿𝑡

𝛿𝑐

𝑛
= 𝐿𝑒     (eq. 21) 

ℎ

ℎ𝑚
= 𝜌𝑐𝐿𝑒1−𝑛 ,         

𝛿𝑡

𝛿𝑐
= 𝐿𝑒𝑛  | 

𝛿𝑡

𝛿𝑐
: 𝑛 ≈

1

3
± 𝜀    (eq. 22) 

Where the unknown h is found according to the convergence condition set to the side (eq. 21) and (eq. 22). By 

applying a trial-and-error method, knowing the value to which n must tend by 1/3, it obtains the convection 

coefficient h, namely a physical correlation between the molten salt and the ullage. 

Secondly, based on this, the next step involves defining the actual boundary conditions of the Navier-Stokes 

equations in relation to the Fourier postulate and its corresponding equation. With respect to the Fourier 

postulate and its associated equation, as previously mentioned, in the thermodynamic equilibrium scenario of 

the Navier-Stokes equations, it is possible to approximate the internal energy U to that of a solid state for the 
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mass of salts, displaying natural temperature decay. In such extension, at certain stage it can be written: 

𝜌
𝜕𝑈

𝜕𝜏
= −𝛻 ∙ (−𝑘𝛻𝑇 ) +

𝐸̇𝑔

𝑑𝑥𝑑𝑦𝑑𝑧
≈ 𝜌𝑐𝑝

𝜕𝑇

𝜕𝜏
    (eq. 23) 

This equation is valid if and only if it is possible to write the variation in internal energy U as in a solid state 

and solely dependent on the specific heat regardless of whether at constant volume or pressure, and under the 

conditions that an infinite gradient of thermal perturbations can be accepted. And this indeed occurs when 

considering the propagation velocity to be essentially infinite at the point defining the thermal boundary layer. 

Thirdly, to define the Navier-Stokes equations according to the contextual boundary conditions, the Knudsen 

number was calculated. For values of Kn≪0.01 the fluid dynamic motion is of the viscous type, given the 

value of the Boltzmann constant equal to 1.380649*10-23 J K-1, T the operating temperature of the system, σ 

diameter of the NaNO3+KNO3, p the operating pressures of the system, and finally L as the characteristic free 

length of a particle. The average value found is equal to 0.0046 and therefore substantially viscous. In this 

regard, other studies (S. Sau et al., 2013; Bradshaw and Carling, 1987) show that the so-called Stokes 

assumption on viscosity can be applied, i.e. that the bulk viscosity for molten salts at the reference operating 

temperatures is zero. This implies a Newtonian fluid, viscosity independent on shear stress, and 

incompressibility of the salts, in particular, the viscous part of the Stokes differential equation transforms into: 

𝑑̂ = −
2

3
𝜇

𝜕𝑢𝑠

𝜕𝑥𝑠
𝐼      (eq. 24) 

Fourthly, the volume of the salts can be considered constant under the indicated conditions of validity, which 

implies that it is in an isochoric condition; it follows that the density must also be constant. Experimentally, it 

is verified that the non-variation of the density, under conditions of atmospheric pressure and in any case 

strictly less than 1.5*105 Pa, leads to a maximum variation of the error between 6% and 9% according to 20 

years gathered data. This assumption reduces unnecessary complexity of the calculation, but above all it leads 

and indicates that the variation of density with respect to pressure is zero, that is, the fluid does not depend on 

compression or stresses, hence the condition of incompressibility. This results in a certain simplification of the 

first Navier-Stokes equation (eq. 7) into: 

𝜕𝜌

𝜕𝜏
+ 𝛻 ∙ 𝜌𝑢̃ = 0 ⟹  𝛻 ∙ 𝑢̃ = 0     (eq. 25) 

This has an important physical significance, namely that density transport is driven by the velocity vector. 

Typical phenomena are oceanographic currents, or parallel and stratified currents, as is well known for molten 

salts. This implies that the height above the reservoir is crucial for understanding the extent of heat transport 

and, consequently, the thermal phase lag of the different salt layers. 

In summary, the equations (eq. 7), (eq. 8) and (eq. 9) are reduced to: 

𝛻 ∙ 𝑢̃ = 0       (eq. 26) 

𝜌
𝜕𝑢

𝜕𝜏
+ 𝜌𝛻𝑢̃ ⊗ 𝑢̃ = 𝛻 ∙ 𝑑̂     (eq. 27) 

𝜌
𝜕𝑒

𝜕𝜏
+ 𝜌𝛻 ∙ (𝑒𝑢̃) = −𝑝𝛻𝑢̃ + 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃   (eq. 28) 

For the material derivative, up to the constant density it is comparable to the differential equations of entropy, 

enthalpy and temperature, that is: 

𝜌
𝐷𝑒

𝐷𝜏
+ 𝑝𝛻𝑢̃ = 𝛻 ∙ (𝑘𝛻𝑇) + 𝑑̂𝛻𝑢̃ = 𝜌𝑇

𝐷𝑠

𝐷𝜏
= 𝜌

𝐷ℎ

𝐷𝜏
= 𝜌𝑐𝑝

𝐷𝑇

𝐷𝜏
   (eq. 29) 

Fifthly, the conditions that define the temperature trend in the ullage are different which has a much lower 

thermal inertia and releases heat more quickly while maintaining low conductivity. When the immersed 

electrical resistors or the molten salt added to the boiler after energy capture are switched off, both the air and 

molten salt mediums begin to decay naturally. While the air immediately follows the laws of conduction 

transient, the salts retain energy for a certain period, which it has referred to as the inertial phase lag or 

displacement. Starting from the generic Navier Stokes equations for ullage, non-stationary, specific heat in the 

constant temperature range, negligible conductivity according to the Nusselt number, viscous flow (Kn=0), 

constant pressure, compressible and Newtonian fluid, it applies from general equations (eq. 7), (eq. 8) and (eq. 
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9) to ones of the ullage in terms of components as: 

𝜕𝜌

𝜕𝜏
+

𝜕𝜌𝑢𝑖

𝜕𝑥𝑖
= 0        (eq. 30) 

𝜕𝜌𝑢𝑖

𝜕𝜏
+

𝜕𝜌𝑢𝑖𝑢𝑗

𝜕𝑥𝑖
= 𝜌𝑔𝑖 −

𝜕

𝜕𝑥𝑖
(

2

3
𝜇

𝜕𝑢𝑠

𝜕𝑥𝑠
)     (eq. 31) 

𝑐𝑝
𝜕𝜌𝑇

𝜕𝜏
+ 𝑐𝑝

𝜕𝜌𝑇𝑢𝑖

𝜕𝑥𝑖
= −𝑝

𝜕𝑢𝑖

𝜕𝑥𝑖
−

2

3
𝜇

𝜕𝑢𝑠

𝜕𝑥𝑠

𝜕𝑢𝑖

𝜕𝑥𝑖
    (eq. 32) 

Finally, the last boundary condition is the application of GRGM for a function to be maximized with respect 

to the 0.057%÷0.1% of the maximum assumable value subject to the constraints that is aligned with the most 

probable value on the physical plane. This method can also lead to a non-convergent solution if the chosen 

initial value is too large for the wall conditions. It is observed that for initial values close to 0.40 meters or less 

the function converges. Furthermore, the wall law is solved in the same way with GRGM by setting small 

initial values of the function for δ and finding the convergence as a function of u+ given the fluid dynamic 

coefficient B=0, since the state conditions for the temperature decay approximates a solid state.  

5. Lumped- circuit 

A certain similarity with complex first-order RL-RC electric circuits with complex time dynamics has been 

observed and used due to the presence of an element that stores energy in analogy to an inductor and/or 

capacitor. They differ in the way current and voltage vary over time in response to a change of state, such as 

the closing of a switch, due to the dynamic response properties, in perfect analogy to what was found in the 

analysis of the behaviour of the tank. Namely, specifically the expression characterized by (Angelillo et al., 

2021; Turchetti et al., 2022; Angelillo et al., 2023): 

𝜃 = 𝜃𝑖𝑒
−𝑏𝜏 + 𝜏𝑙𝑜𝑔𝜏 𝜃∗

,   𝑙𝑜𝑔𝜏 𝜃∗ =
𝑙𝑛[𝑄̇0(𝜃,𝜏)=𝑔]

𝑙𝑛 𝜏
    (eq. 33) 

Where de facto: 

𝜃𝑖𝑒−𝑏𝜏⇛𝑅𝐶                            

(
𝑎

𝑏
𝑃̇(𝜃,𝜏)⟹𝜏𝑙𝑜𝑔𝜏 𝜃∗

)⇛𝑅𝐿
      (eq. 34) 

The second part of the equation can be compared to a further complexity, that of the junction diode. As matter 

of fact, the junction diode is the one that best lends itself to the similarity of an inflection from one condition 

to another to emulate the end of the thermal phase shift as a collapse of the conditions of the wall which at a 

certain potential value changes its operation. The collapse of the inertial conditions is represented by finding 

the thermal boundary limit and therefore knowing the inertial thermal phase lag of molten salt φ, it can be 

imposed the necessary value for n in the Lewis number and through the GRGM represent the wall effect in a 

lumped circuit with a junction diode. 

Returning to the general decay law (eq. 6) according to transient conduction, using the notations that above-

lined-value indicates the geometric or mathematical mean of the value, an underlined-value indicates the value 

taken as constant, and above-and-underlined-value is the constant geometric or arithmetic mean of the values, 

it can be characterized as: 

𝑇𝜏 = (𝑇0 − 𝑇∞
̅̅̅̅ ) 𝑒𝑏𝜏 + 𝑇∞

̅̅̅̅      (eq. 35) 

Where h in b is such that: 

ℎ: ℎ = 𝑐ℎ∆ℎ + ℎ0
̅̅ ̅      (eq. 36) 

given that: 

𝑐ℎ = 𝑒
(

𝛿𝑡
𝛿𝑐

)
𝜏

∑ 𝜏       (eq. 37) 

Where the sum term represents the observation period of the closed tank system in which it shall be calculated 

the convection coefficient h, while the value ∆h coincides with the internal value of the ullage. That is, 

according to the equation (eq. 19), (eq. 20), (eq. 21) and (eq. 22): 
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∆ℎ = ℎ̅𝑖 − ℎ̅𝑒 = ℎ̅𝑖 = ℎ0

̅̅ ̅ ≡ ℎ = ℎ𝑚𝜌𝑐𝑝𝐿𝑒1−𝑛    (eq. 38) 

In fact, when the exponential value is 0, it falls back into the conditions of the conduction transient, by contrast, 

a different value when it reaches a threshold according to the wall conditions indicated so far. Hence, writing 

the relationship: 

ℎ = ℎ0
̅̅ ̅ (𝑒

(
𝛿𝑡
𝛿𝑐

)
𝜏

∑ 𝜏 − 1)       (eq. 39) 

with a clear similarity to those of an ideal Shockley junction diode. Once adapted to the lumped circuit, it can 

work in OpenModelica simulation properly. 

 

Figure 5 On the left the relationship between the found values of the convection heat transfer coefficient and the height of the 

tank. On the right the position and data of thermocouples [Name of thermocouples/distance from the shell/Height from the 

bottom/Angle with respect to the north 0°] plus the lumped circuit with new junction-diodes components. 

 

Figure 6 Real data each 5 sec. between 9.7.2004 and 12.07.2004 of thermocouples T050-molten salts, T051-ullage, T321-tank-

skin. The red dotted lines are the respective results of the presented model. The coloured long-dash-dot-dot lines are the same 

results applying the approach by literature. No external thermal power input, during decay. 
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6. Results, discussion, conclusions and outlook 

The analytical solution is based on the research of the control parameters necessary to identify the thermal 

displacement conditions, and among others the heat transfer coefficient, reformulated as a junction-diode. As 

a matter of fact, Figure 5 shows how the sudden jump of this value read on the tank shell undergoes in total 

analogy to a diode and to skin effect electromagnetic phenomena. In particular, the possibility of using the 

Lewis number is a novelty for the scope to find the value of the initial heat transfer coefficient, assuming that 

for Le>>1 more heat than mass is naturally transferred between air and molten salts, see (eq. 19), (eq. 20), (eq. 

21), (eq. 22), (eq. 38) and (eq. 39) when it may concerns OpenModelica simulation.  

In order to give physical meaning to the implementation of the temperature decay formulation where the choice 

of the initial temperature is fundamental, the whole fluid dynamic model has been discretised for a OpenFoam 

simulation in a forthcoming publication. Assuming that the variation of the heat transfer coefficient was linked 

to both the speed and the diffusion of heat, both considered equal in the two Cartesian directions for the ullage 

and negligible for the molten salts due to the peculiarity of the latter to stratify, the initial velocity can be taken 

as proportion between the variation of time, temperature and convection over viscosity. Ergo, given all the 

equations for density, conductivity, diffusivity, specific heat, dynamic and kinetic viscosity, into a domain of 

the neighbouring values in a split grid, the variations on the model should be compelled in a neighbourhood 

equal to ΔT=0,000329 K, and Δh=1,33 Wm-2K-1, to obtain a Courant number (Courant et al.,1927) close to 

stability and accuracy in a simulation. Since the flow regimes are viscous and incompressible-wise, but not 

Newtonian as at whole, the boundary conditions for the Navier-Stokes equations are based on the idealized 

Generalized Newtonian fluid model (Kn<0.01). Indeed, the study provided by S. Sau et al. (2013) has 

demonstrated and supports that NaNO3+KNO3 60/40 can be a Newtonian fluid. Furthermore, assuming that 

the tank is at atmospheric pressure, or nevertheless less than 1.5*105 Pa with substantially irrelevant variations 

caused by it, the reference equations for the control volumes are (Eq. 2), (Eq. 3), (Eq. 6), (Eq. 15), (Eq. 16), 

(Eq. 17), (Eq. 19), (Eq. 23), (Eq. 26), (Eq. 27), (Eq. 28), (Eq. 29), (Eq. 30), (Eq. 31), (Eq. 32) and (Eq. 39). 

Namely, Figure 6 shows the results of the new model compared to the general formulations of natural decay 

of temperature given the fundamental physical characteristics of the observed materials. Ceteris paribus, in the 

figure the red dotted lines are the results of the presented model, namely a quasi-perfect match with the real 

measured data, while the coloured long-dash-dot-dot lines per thermocouples are the results applying the 

transient conduction. The thermocouple T051 represents measurements made in the ullage, the curve T050 are 

the measurements of a thermocouple immersed in the molten salts, while T319 are the measurements on the 

tank shell. 

To conclude, the objective of this work was to analyse natural decay in detail to predict further the performance 

of energy storage tanks over a sufficiently reliable timeframe. Significant differences were observed between 

the new model and transient conduction approaches found in the literature acknowledge the molten salt thermal 

displacement. Consistent results can allow for year-to-year comparisons to evaluate tank performance and 

predict-plan thermal insulation maintenance monitoring aging. Besides, this study can aid to identify the 

maximum usage time of the hottest molten salt core, both during an off-design and a new tank project, 

improving storage, conducting in-depth/sensitive studies on tank parameters, implementing internal heat 

exchangers as overall system performance. These are the subject of forthcoming publications. 
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